
 Homand Tensor

The localization can also be expressed as a tensor product
We'llgive a brief intro to tensor and Hom whichis adjoint
to tensor Hom X Z Hom YHomHH but you can read

more in the appendix

Home

Det If M N are R modulesthen Homp MN is
The R moduleof homomorphisms M N

Ex Homp AIR N Ei N

Hom is a functor in each of its entries

Fix an R module M

Then Hom M takes a map A B to a map

M A HompfM A Homp M B
i b
B

Hom M is left exa i e if

0 A B C is exact then so is

0 Hom M A Hom M B Hom M c



Hom M is also a functor butgiven A B

A B we get a map Hom B M HomCAM

Im so it reverses arrows i e it's a

Xamarin t functor

If A B c O is exact then

O Hom GM Hom B N Hom A N is exact

Tensorproclucts

If M and N are R modules

MapN is the R module generated by elts of the form

man w me µ he N

s t it satisfies thefollowing relations

If reR Crm he r m n m rn

Mtm h M h t m n and
m n th m n t m n

Xin In general elts look like finite sums Emi hii

It's usually difficult to tell it two given elts are

equal In fact it's often a question what the muinimum
number of simple tensors required toexpress an element is
See border rank

Ex
1 R RM I M I M r R and M RNE N RM



2 REX am PR ma x E R Xi Xn

3 OX REX QCD

I JER ideals PYI RRA R Its

5 If M is an R module San R algebra then
S pm is an S module s toxin St m

Universalpnoperty

Note that MxN M N defined mints in h as a function

not a morphism is biting over R In fact if

f MXN P is bilinear F a unique morphism
f Man P s t

Mx N M N

I I commutesHi
This is called the universal propertyof tensor product

Tensor product is a functor and it is right exact
i e if

PA B c o

is exact then so is

A KM Box M C4 id paid RM O



Geometrictext If R and S are coordinate rings
Then R S is the coordinte ring of the
product of the two corresponding varieties

Localized

We can describe the localization of a module by
first localizing the ring and then tensoring

lemma The map RCU r M MCU defined

In m truth is an isomorphism

PI We'll construct an inverse

4 MCU 1 RCU PM defined

F ut m

Why is this well defined

If hut hut then VU'm VUm some VE U

Vu m vu m f m m D

since we've written localization as a tensor product
we know that it is right exact In fact it also

preserves injections and thus preserves exact sequences
This is called flatness



Def An R module F is flet if for every injective
R module map M N FoxM F N is injective
as well

Prep RCU is flat as an R module Thus localization

preserves exact sequences

If Assume 4 M M is an injection of R modules

we want to show RCU 10pm RCU RM is injective
i e MCui MCU

If Its O Then V Y m O some ve U

4km o um o

ma O D

As previously mentioned There are many properties of
modules and rings that we can check by checking
locally

Geometrically for instance we can check it a variety is
smooth by checking smoothness at each point Or we can

determine if a function on a variety is Zero by checking
whether it is zero at each point



The algebraic analogue is the following

imma R a ring M an R module
a If a cM Then a O 4 0 in Mm for each

max't ideal MER

b M O Mm V max ideal MER

PI a f 0 in Mm The annihilator I of a i e

The ideal I ER st ra O t reI is not contained in me

Thus f o I R a O in M

b M o a O t a c M af o in all Mm D

Another thing we can check locally is injectivity and
surjectivity

Cer If 4 M N is a map of R modules then 4
is injective resp surjective iff 4miMm Nm is

Vmax'tideals m

PI One direction follows fromflatness



t Ker Ym Ker4 m O V m then her4 0

Similarly w akernel D

Radical ideals
Recall that the complement of a prime ideal must be
multiplicative The converse doesn't hold

Ex The complement of Esx N in kCx isn't an

ideal X txt X ti x

However the ideals that are maxi 1 with respect to
not meeting a multiplicative set are prime

suppose I ER doesn't meet 4 and if d ZI doesn't meet
U then J I

Thus I RCU must be mail since any ideal in R

meeting U will generate the unit ideal in RCUD

Thus the preimage of IRCU in R P is prime
But PZI so I P

In particular if I ER an ideal and a I sit



a Et I for all h then there's some prime P s t

a P2I

Conversely if an c I for some W then for all primes P
containing I a cP That is

Core If I ER is an ideal Then

f If c I for some u MP
PII
prime

Def The set above f If c I some in is called
the radical of I denoted radI or TI
Note that this is an ideal as it is the intersection
of ideals

The radical of o is the set of nilpotent elements
also called the nil radical

Er nad o is the intersection of all of the primes of
R

Def A ring R is reduced if rad o O

Ex KC z is hot reduced rad o x



Note The ideal of nilpotents is notalways prime itself

eg in 7 1212 rad o I which is not prime

More generally if R is a UFD and f fn
irreducible Ieltsgenerating distinct ideals let

g f fuk ki positive integers

Then the nil radical of Rkg is fitz fu


