Howw amd  Temsor

The  localization can aler e expressed  as oo temsor pve duct.

We'll give, e brie€ intiro to  temsor cand  Hown (whichis "mob'oivﬁ"
tv tewvisor Hom (YO X, %) £ Howm (\/) How\(xﬂﬂ\ | but \ao‘u\ cean Vead

Move 1w The a.med{K.

How

w: (£ MJ N ave R-Imoo(ules) Tein HQVV)R(M)NB
™y R-wmodule of hblmomovplqismg M= N.

(8

Ex: [‘lDMR(@R)N}gi@N

Vomn 18 oo fumctor v eadh ol t¢ enhries:

FI'X 0n R‘Modul& M.

Twem  Hown (MJ—) tokes a map A—B D o pmap

M—sh Homg (M, A) — Homp (M,B)
)

g

Hom (M,—) % le{li——exa.c%-, ie. if

O—>A —R —=C iy exodh e %o g

0 — Howmn (M,A) —>Huw\(p\,|3) — Howm (M) 63.



Howm <—) M) is oleo oo %A,\,\d-oy) bq{—jivw A—)B)
we 3(.(- o map Hom (B)M)%HDW\CA/M)

A—B
\3;14 o it “reverses avrows. i, It's &
contra variomt  Pan hov.
|+ A =B —C—D % exacdt, Twep

0O — Hom ((,,M )= Hom (B,N\ — Howm (A,NB (& exact

Tensor P wdu cts

8 M avmd N ave R-modules
MGIRN vt R~ module %,ow,ra-l-ca( by <ty £ e fovm

Mme wn

y w/ meM nhef

k. ik CatigPieg M"Pouowfmj relahing -

e [{ reR, tmMlon = v (men) = maln)

6o (Mt )@n = MOW + M O o

Mme(mrn)s mon + mon’

COWL'hLW\ | a,e/v\bra,\, elts look like 'FiV\;‘\'Q UV S Zm(&)lﬂ;'
1+ 'g uxgumlla ditticult to tell if two aivw\ ety e

equal. (n fadd, t'g oHen o 1ue,shzm what Twe minimum

Mam et of simple, temsovs Vaquimd To expvess o elomant s
e “hovdu rowk”

&:
) REBEMEMTMR,R amd MaNENG M




2) R(%,, .., %) ©, R, o)

%) Reo, 1<) £ Q)

IR
=
—
2
\ ¥}
;3
]

W) I,T<R deals = BAL@ N4 2 RA(zem

6)"(‘ M § an R- Wtodtuﬁ chm R - a(j,elom Than,
So M it am - vvwolu s (tewm)= stom.

Universal pro p-u/{-j

Note tmwat MxN—=MoN JQfined MmMrns maon (0“5 o \':'Amd'iw)

not a l/movy;lnis-w) is  bilincoy e R. (n {l&d‘, i€

Fo N =P i bilinear, 3 wmique movphien

F: Many—=P st

®
MxXN — MaN

—

|\ F C,U\/\nvv\,w']‘-c‘g_
. |
£ Y
P
Twis s called ™Mo U\mivwga( th 0()‘ 'I'Uln&o'\r' pwdmd.

Temsor PWM i$ o -FWV\L%D\,J ool It s Vl'ﬁb.‘[‘-*ex&c;(‘.
l.e. i#
ASpLe -0

is excck, T 1o 5

Ao M —Bad M— co,M—0o

oA @id paid



Geomediie _covtedt” 18 R and S ave woordinate ving

Twen R®S IFY Twe Lodvrdint < m'ylﬁ 012 o
prduct oF Tw  two wWQsoocﬂf\olfv‘j var eties.

Localrzatiny, as tengov- produd

We  com  describe e locqli&aﬁm\ £ a module bj
first lDCa(f%l’"tj e ving  cmd T h/v\hrit@:

ez The map ROUCTO M = MU detind

r i

@M T T S o Asomorphigm,

PP W'l (onstruct o invuge:

B M{Uu™ ) = RU™I®r M defined,

l
TAV‘Q—I—B'J D n.

W\’w} s This well — cefrmed?

g oM VWM s vuUW, sowae Ve ()

‘ y n _ ¢
= VU ®m = VU B WM >u®M-M,®W1.D

S welve written  localizatin oy 2 tengor  product,
we  kwow Teat it is vight-exadt  ln dack, it also

(PV-CS{,VV&S 'IVld‘é.Ch'&/\j/ o d Thawg PV{%VV{) exXat SfCCfWMCJLS’
Thic iy called “flatness” :



Ref: An Rowedule T ois flat  f L4y every injective
R-module l/\nc«]D M-—)N) FO@M —FaN i ivxded’i\/q

s well

M.‘ R{U™J iy €lat o5 am R-wodule. Thus,  localyzahom

preseries exect S LS.

P Assune Y M =M is am iv\d'uﬁ(m oA R-modules,

—_——

we  wemt b §how R(UﬂJQORM(_’R[U—l]@RM N i"‘dﬁd“fl/e.

1.q. M/[U—I]—)M[U-l}.

2 %H“P(ﬁ”'%o,mm VY (m) =0, wwme vel

= Yvm)=0 = vm' =0
= m’.
m'. 0.7

As PreuiMl“ menfioned, Tuwve ave vauu\\() PVOM‘Q of
wodules  owel rings Tat we  ome  chack bb “cl«u,kivtj
locally "

Gmcsw\d'vica[lbl for instomce, We coe  chatk i o Vaviely s
Simoot by, d«u,kfhj smooTuimags at each pomt. Ov we coanc
detevmine £ o famcdhtn on a variehy g 2@ by C’l““"kiy_‘j
whefur it s 2ev® ot eady Ppoint.



Thae a.\az.bmic, analegue is Tue ’Fb“owfv\@:

Le v o ! R oo h’:\j) M an R*Vv\odub,

———

) H aeM, T a=0 &= ﬁ\kzo in My, for each

max' |l idea] wmcR
L»\ M=:-0<= M'w\_ Y wmoax idea] mocR.

P’€3 C‘B (: =0 in M, & Mo annthilatr L of o (i.z.
Me idea] T CR b, rasO0 V ré[) is not  comtained in om

Thus %=o = I=Re= a-0in M
by M0 & o=0 V ceMe af <0 in all M. 0O

Avxo’h/u.v- T\ail/j we Canm_ clu,dt lGClM (3 iV\(')£CHVf+j va\,e)
vaauﬁvif\j:

Cor: (£ ((Mﬁl\) iy o map of R‘anoolu\/es) MM Lf)
i$ ivxdu,ﬁut <ves;>. %’\Avde-c:ﬁvas (£ ('fm.:Mmﬁ N s ¥V

max' | deals me

P One directiom Bllows Hom £ lat nass,



.l k&k("(m\ =<kLrL(>m =0 Y o T kY =0.
vanilmr[\a w/ whkuwnel. T

Roadical idseals

Recall Twat  the complomnent o a privac ideal myst  he
multplicative.  Twe  Cvvarge  dwesn't  hold -

Ex: Tae  tomploment o TLX, N5 i k() imeE one
doal © wtere - (10) 5

HD\NLV-&V’ T\/u, ioLu%(s T\/w\"' oire max'l with ro.gpf_d- )

\/\/\

hot vvuh'vtj o multiplicative gt are privae -

Cuppose T CR doesnt meed (/() odd it I 2T dvesn't meet
U Pun JT=L.

Taus,  LRCU'] must be max'l (sine omy ideal in R
l/\/u,vh'mj U will gcmamjw_ e wmit 1daal in R(U-j}

Thus v P""-“’"‘“j“i o ITR(U') m R) P’ \s  prime
But P_?I) w I=P

n pavtwlay, ¢ LCR om ideal,and oo¢ L <t



o ¢ T fov all l/\,, ™M T\/\-(,I/{,(s svnL nym P <.k
o ¢ P 2T

Cm/\vcvsglxj/ it orel fov gome W, Tam for gl pvivnas P
wv\Jm{v\flnj I, o eP That s

Cov: |+ T CR is an l'dLLO\l, T,
{'Fl'fh'eI G covme v»?s-’-ﬂ?

P 2T
Pvime

Defi Tae et above, L4 | £ el wmew3 s called
e udical of T, denoted vadT o T

Note that Twis is am ideal s F is Twe intergechiv
vt ideals.

The  vadical o€ (o) i Twe sef oA ni potent 2 lovonils,
algr  called Twe nilvedical,

Cov: vad (0) s T fntersechon of all of e primes of
R

Def: A Vivxj R is vreduced f  rad (0) ‘—(O)_

Ex: kt‘x%q") s ot veduced.  rad (0) = (7‘\



Note: The jdoal of nilpotents is not alwoys  primu tself]

—_—

¢.9. in 7Z/|2/Z, rMC°)=(?Z whidh iz not  prime

Move g,wm.wall(j ) i(f Ris o UFD onel 75(),__)70,,
ivveducibhle el cg,e,l/\u/-ml('/:j Alshnct io(LalS, (et

q- —F,H - *Fhk") ki positive mlreij.

T e nilradica| ot R/(j) 'S Cjc'jcz""jc“)



